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ARTICLE INFO ABSTRACT

Keywords: Lateral magma propagation is a common feature of rift zones, with opening against the minimum compressive
Lateral magma propagation stress and vertical dykes flowing parallel to the rift direction. Depending on the competition between vertical
Rift zone

and lateral magma migration, these dykes may either feed an eruption or not. In this context, the topography
which includes the edifice load acts against the rise of the magma and favours lateral migration radially away
from the edifice central area, thus feeding peripheral vents. Here, we focus on the Nyiragongo volcano, a
volcanic edifice located in the western branch of the East African Rift and culminating at 3,470 meters above
sea level. In practice, we study the combined effect of the extension induced by the rifting of the EAR and the
topographic loading of the Nyiragongo volcano on the orientation of the dyke propagation plane and on the
balance between the lateral and vertical propagation of the magma in this propagation plane. Using analytical
and numerical models taking into account the effect of topography and the rift-induced west-east extensional
stress field, we show that the path of a dyke originating from the volcanic edifice is first influenced by the load
of the volcano, leading to a radial propagation. Beyond 5 km, however, the rift-induced extensional stress field
dominates leading to a north-south propagation towards Lake Kivu. These results are consistent with the path
of the magma deduced from the position of the vents and geophysical observations for the last two eruptive
events of the Nyiragongo volcano (2002 and 2021). On the other hand, the lateral propagation over more than
20 km, where the magma remains trapped beneath the lake, is shown to be controlled by depth-dependent
extension and reduced magma buoyancy and, to a lesser extent, the downslope towards Lake Kivu and the
slight increase in rift extension towards the south.

Modelling

1. Introduction of the Nyiragongo volcano, the possibility of magma being emitted into

Lake Kivu, located approximately 17 km south of the volcano, needs to

In rift zones, (sub)vertical magmatic intrusions, commonly called be considered, particularly in view of the limnic eruptions that could
dykes, typically propagate over long distances in a direction parallel potentially be induced (Schmid et al., 2005).

to the rift while remaining trapped at depth. This is observed for The physical understanding of such lateral magma propagation and

example in the Hawaiian Islands (Fiske and Jackson, 1972), in the propagation trajectories relies on two principles (Anderson, 1951, pp
Canary Islands (Delcamp et al.,, 2012) or in Iceland (Einarsson and

Brandsdottir, 1980; Sigmundsson et al., 2015, 2022; Parks et al., 2023;
Sigmundsson et al., 2024). This behaviour has been inferred from both
observational and theoretical studies (Rubin and Pollard, 1987; Behn
et al., 2006; Buck et al., 2006; Hamling et al., 2009; Grandin et al.,
2012; Urbani et al., 2017, e.g.). In the East African Rift, similar lateral
magmatic intrusions at shallow crustal depth occurred during the last
two eruptions of Nyiragongo volcano in 2002 and 2021 (Wauthier
et al., 2012; Smittarello et al., 2022). The direct consequence in terms
of risk assessment is that magma can reach the surface at a large ambient fracture toughness K, (Lawn and W., 1975, pp 58). Analytic
distance from the volcanic edifice, impacting remote areas. In the case solutions for the stress intensity factor are available in simple cases. For

21-25). First, dykes open as a result of tensile loading exerted at the tip
of the intrusion. Second, they select the direction of “least resistance”
by opening along planes across which the confining pressure is least.
Characterizing the least confining pressure is thus the key to predicting
the dyke propagation plane and its orientation. In this plane, the
direction of propagation then depends on the location along the edge
of the dyke where fracturing in purely mode I (opening mode) can
happen, i.e. where the stress intensity factor K; exceeds or equals the
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example, in the case of a uniform normal stress (i.e pressure) p, exerted
on a planar dyke of length « in an infinite region, the stress intensity
factor is given by K; = p, \/Z. More generally, however, normal stresses
exerted on the dyke surface are non-uniform. The stress intensity factor
then depends on the geometry and the stress distribution along the
dyke, which can be decomposed into average normal stress and stress
gradients. In the case of a two-dimensional circular intrusion, the
contribution to the stress intensity factor from the average stress is
the same in all directions. As a result, the direction of propagation is
controlled by the direction of the maximum stress gradient (Tada et al.,
2000).

In practice, these lateral dykes indicate on the one hand that the
principal horizontal stress is equal to or less than the vertical stress,
and therefore that the plane in which the confining pressure is the
lowest and where propagation occurs is vertical, and on the other
hand that in this plane, the stress intensity factor is greater than or
equal to the ambient fracture toughness K, at the lateral leading edge
of the dyke rather than the vertical leading edge. The plane of least
compression, its orientation and the direction of propagation in this
plane are thus controlled by the relative amplitude of the principal
vertical and horizontal stresses. These stresses are a function of topog-
raphy, magmatic overpressure, buoyancy and the extensional tectonic
stress field and its dependence on depth, dyke geometry (shape, length)
and the load exerted on the dyke edges by these stresses. As far as
topography is concerned, the compressive stress induced by loading at
shallow depth counterbalances the buoyancy of the magma and tends to
inhibit its vertical propagation (Pinel and Jaupart, 2000). This favours
lateral propagation towards the flank vents, whose lateral distance is
expected to increase for lower rates of magma influx or lower viscos-
ity (Mériaux and Jaupart, 1995; Pinel and Jaupart, 2004). Although
the influence of rifting-induced extension, topographic loading and
buoyancy considered separately is now well understood, the combined
effects of the corresponding stresses on the dyke propagation plane and
on the balance between lateral and vertical magma propagation in the
propagation plane have however not been examined together, which
motivated this study.

The aim of this paper is not to present a complete three-dimensional
dynamic model of the dyke trajectory but rather to focus on the
combined first-order effects of edifice loading, local topography, buoy-
ancy and the regional extensional stress field on the dyke trajectory
using the East African Rift and the Nyiragongo volcano and its lat-
est eruption in 2021 as a test case. The key question of this study
is to better understand what controls lateral propagation in a rift
zone. Although this question has been addressed before (see for in-
stance (Rubin, 1990)), this study is distinguished by its analysis of
static stresses in 3 dimensions. More specifically, we will successively
examine how rifting-induced extension and topographic loading define
the dyke propagation plane and its orientation and how buoyancy
and extension then condition lateral magma propagation rather than
vertical propagation in the propagation plane.

We summarize here the main observations taken from the abundant
literature on the East African Rift and the Nyiragongo volcano. In
the East African Rift, volcanism migrated from north to south as the
rift propagated south and split into different branches, the Eastern
branch and the Western branch. The associated magmatism also mi-
grated from southern Ethiopia/northern Turkana to northern Tanzania
between 45 Ma and 8 Ma, as shown by George et al. (1998). Locally,
it has also been observed that volcanism often shifted from the interior
of the valley to the exterior of the valley as the latter developed
into a graben (Maccaferri et al., 2014). Overall, the East African Rift
exhibits numerous volcanic plateaus, chains and provinces (> 20).
Despite being qualified as amagmatic, the Western branch features
four volcanic regions, the Toro-Ankole region in Western Uganda, the
Rungwe volcanic field in southwestern Tanzania, South Kivu in the
Democratic Republic of Congo (DRC) and the Virunga volcanic chain
distributed over Uganda, the Democratic Republic of Congo (DRC) and
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Rwanda (Ebinger, 1989). Spreading rate along the 5000 km long East
African rift decreases from 6.5 mm/year in the north of the rift to
1.5 mm/year in the south of the rift (Stamps et al., 2008). By computing
vertically averaged deviatoric stresses arising from horizontal gradients
of gravitational potential energy derived from the CRUST 2.0 density
model, Stamps et al. (2010) estimated the range of deviatoric exten-
sional stresses for the East African Rift between 5 MPa and 15 MPa,
highlighting an increase from south to north. This study is consistent
with the previous estimate obtained by Coblentz and Sandiford (1994)
with a lithospheric density model accounting for long-wavelength geoid
anomalies. In the Virunga Volcanic Province, the rift trend is around
N20 °E and the spreading rate has an intermediate value of 2.8 mm/yr.
250 km further south, the spreading rate reaches 3.2 mm/yr, while
250 km north it is only 2.1 mm/yr (Stamps et al., 2008). This implies
that the north-south lateral gradient of this spreading rate is around
2.2 x 107> mm yr~! km~! in this area. Around the Virunga Volcanic
Province, principally extensional stresses have been estimated to reach
a maximum value around 10 MPa (see Figure 4 of Stamps et al. (2010)).

As parts of the Virunga volcanic chain, Nyamuragira and Nyi-
ragongo volcanoes located in the east of the Democratic Republic of
Congo (DRC) are among the most active volcanoes in Africa. Nyi-
ragongo volcano is a strato-volcano. It lies 14 km southeast of the
Nyamuragira shield volcano and culminates at 3470 m overlooking
the city of Goma in the DRC, the city of Gisenyi in Rwanda and
Lake Kivu shared by the two countries. It emits rare alkaline and
strongly silica-undersaturated lavas (Platz et al., 2004) characterized
by an extremely low viscosity (Giordano et al., 2007) and expected to
be highly degassed through the connection to the persistent lava lake
present in the summit crater (Sawyer et al., 2008; Walwer et al., 2023).
In 2002 and 2021, the eruption of Nyiragongo volcano was associated
with simultaneous drainage of the summit lava lake (Komorowski et al.,
2002/2003; Walwer et al., 2023). It not only caused lava flows on
the southern flank of the volcano, but also the propagation of a sub-
surface dyke along apparently the same north-south eruptive fissure
network (Komorowski et al., 2002/2003; Smittarello et al., 2022). The
fissures were either newly formed or had been reactivated since the
previous eruption in 1977, characterized by the same pattern of north-
south eruptive fissures (Demant et al., 1994; Durieux, 2002/2003).
Geodetic and seismic studies could infer the depth, direction and size
of the dyke which was also shown to reach the bottom of Lake Kivu.
The characteristics determined for these two intrusions are very similar;
the propagation was initially radial to the south-east before moving
approximately north-south in line with the eruptive fissures and fault
lineaments in the Kivu basin (Smets et al., 2016); the intrusion plunged
from the volcanic edifice to a maximum of 10 km depth under Lake
Kivu. The main differences are the identification of two dykes during
the 2002 eruption compared to only one in 2021, and openings of a
maximum of 1 m in 2002 compared to 2.5 m in 2021 (Wauthier et al.,
2012; Smittarello et al., 2022). In 2021, mapping of lava flows and
vents using satellite imagery Poland (2022) suggests that the magma
propagated in a N160 °E direction for around 5 km before aligning
in the rift direction (N20 °E) as indicated by the location of the
seismicity and the inversion of the geodetic data (Wauthier et al., 2012;
Smittarello et al., 2022). In addition to these eruptive events, several
episodes of lateral migration of magma at depth (about 10 km below
sea level) towards the northeast were evidenced by seismic swarms
and significant synchronous falls of the lava lake (Barriere et al., 2022)
between 2016 and 2020.

In this paper, we first present the modelling approach and its
limitations in Section 2. We evaluate the stresses due to the volcanic
edifice loading and the topography and compare them with the exten-
sional stresses induced by rifting (Section 3). This exercise allows us
to show that the stresses induced by the volcanic edifice loading and
the topography indicate a maximum compression oriented vertically,
thus a propagation in a vertical plane opening perpendicular to the
minimum compression. The comparison between the stresses further
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Fig. 1. Geometry and stress field notations considered (a) in the 2D axisymmetric analytical case and (b) in the fully 3D numerical model. When discussing the orientation of
the vertical plane of magma propagation (Section 4), the 2D stress field is considered in the horizontal planes (blue planes). When discussing the direction of propagation in the
vertical propagation plane, determined by the force ratio between horizontal and vertical stress gradient (Section 5), the 2D stress field in the vertical planes is considered (red
planes). Note that for the conical edifice (in a), the special case of a radial propagation plane is shown but other planes can be considered using the analytically calculated stress

field.

indicates that the influence of the edifice is predominant up to 5 km
from the top of the edifice and that beyond this distance the influence
of the extensional stresses induced by rifting dominates. We then
analyse the orientation of the vertical propagation plane as a function
of the edifice loading or the topography and the extension of rifting
(Section 4). The analysis of the principal stress trajectories shows the
change in orientation of the vertical propagation plane from a radial
direction from the edifice to an orientation aligned with the north-
south direction of the rift where the extensional constraints induced by
rifting dominate. Section 5 finally analyzes the preferential propagation
direction in the vertical propagation plane. This analysis highlights the
importance of the increase in extension with depth, which allows to
maintain the lateral propagation of magma at depth rather than a rise
of magma towards the surface. The results are in agreement with the
course of the last two eruptions of Nyiragongo. Sections 6 discusses
the results of this study and their limitations and Section 7 is the final
conclusion.

2. Modelling approach

Since we do not model the three-dimensional trajectory of the
dyke, our analysis is broken down into several nested steps. We first
show that the propagation plane is vertical. We then decompose the
stress analysis successively in the horizontal plane, perpendicular to
the vertical propagation plane, to determine its orientation, then in
the vertical plane given its orientation, to evaluate the direction of
propagation of the magma in this plane. In doing so, we use both
an analytical and numerical approach. In the analytical approach, the
surface geometry and load are reduced to a cone representative of the
Nyiragongo volcanic edifice. In the numerical approach, the surface
geometry and load correspond to a edifice/lake topography. Fig. 1
details for each of these two approaches the geometry and components
of the stresses in and perpendicular to the propagation plane, to which
we will refer in the following sections. For the numerical models,
we use the commercial software COMSOL (https://www.comsol.com/
products).

All the stresses we consider are perturbations of the lithostatic and
isotropic stress reference state defined by Mc Garr (1988), as

Oxx = Oyy = 0zz = pcg(Href - Z),

where p, is the crustal density, z is the elevation above sea level and
H,, is the reference elevation, z = H,,, being the surface of reference
at which lithostatic stress is zero (see Fig. 1). The stress perturbations
we consider are induced by rift-induced extensional stresses, stresses
resulting from loadings such as the Nyiragongo volcanic edifice, Lake
Kivu or general topography, and stresses arising from buoyancy forces.

We adopt the convention that compressive stresses are positive and
conversely tensile stresses are negative.

Besides the two combined 2D analyses, our approach involves some
simplifications. The crust is modelled by a linearly elastic homoge-
neous medium. In doing so, we ignore nonlinear deformations and pre-
existing fissures and faults. As shown by field observations (e.g. Galland
et al. (2019)), inelastic effects can occur at the crack tip, but they are
limited to shallow propagation and affect only a limited area around the
dyke tip, so that elastic behaviour of the crust away from the damaged
zone should still control magma propagation. Furthermore pre-existing
faults appear to have second-order importance in controlling magma
pathing, as their orientation relative to the stress field is optimized for
shear motions, whereas magma emplacement requires opening (Rivalta
et al.,, 2019). In the case of Nyiragongo volcano, there are evidences
suggesting that preexisting faults play a role. In particular, Smittarello
et al. (2022) proposed that the Nyabihu fault mapped by Smets et al.
(2016) stopped the propagation of the dyke during the 2021 eruption.
However, this cessation of propagation only occurred after the dyke had
propagated laterally for 20 km to the south. It is therefore reasonable
to assume that there was no major faulting effect over at least the first
20 km of the dyke’s trajectory. Similarly, fissures were observed at
the surface during the 2021 eruption, but they likely did not interfere
with the 20 km subsurface lateral propagation of the dyke (Smittarello
et al., 2022). The potential effects of crustal anisotropy and faulting are
described in more detail in the discussion (Section 6).

The dykes are also assumed to be aligned with the maximum
compressive stress, and therefore open against the minimum com-
pressive stress, as established by numerous field and theoretical stud-
ies (Anderson, 1951; Koenig and Pollard, 1998; Roman and Jaupart,
2014; Davis et al., 2021). However dyke propagation out of the plane
of the principal compressive stress can occur (Mériaux and Lister,
2002; Watanabe et al., 2002; Menand et al., 2010; Maccaferri et al.,
2019). In this respect, our modelling approach is a simplification. It
essentially results from the fact that our approach is not dynamic but
static. A dynamic propagation model would be necessary to appreciate
the deviation from the trajectory inferred in this paper, as we discuss
further in Section 6. However we will show that the results of our mod-
elling approach agree well with the dyke path derived from geodetic
data (Wauthier et al., 2012; Smittarello et al., 2022).

3. Influence of Mount Nyiragongo’s edifice on the local stress field

In this section, we first establish a conical edifice load approxima-
tion for Nyiragongo volcano and an edifice-lake topographic profile. We
subsequently isolate the influence of the volcanic edifice on the local
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stress field using the conical edifice load approximation and an analyt-
ical solution and then considering the edifice-lake actual topography
and a numerical model. The stresses induced by the conical volcanic
edifice and the topography indicate the plane of least compression
suitable for propagation. These stresses are compared to the magnitude
of the stresses induced by the rift.

3.1. Nyiragongo-Lake Kivu topographic profiles

We combine the Digital Elevation Model (DEM) obtained from the
Shuttle Radar Topography Mission (SRTM) downloaded from the USGS
website (https://earthexplorer.usgs.gov/) with the bathymetry of Lake
Kivu (Lahmeyer, 1998; Ross et al., 2014) to generate an elevation
map, E(x,y), above sea level in the surrounding of Nyiragongo volcano
including Lake Kivu and the lake water thickness, W (x,y), with a
spatial resolution of 100 m. Note that the lake surface is located at an
elevation of 1461 m. The local topography and shoreline of Lake Kivu
are shown in Fig. 2a.

As shown by elevation profiles displayed in Fig. 2(b), Nyiragongo
volcano crater is located around 3180 m above sea level, it has a radius
of approximately 500 m and it is surrounded by crater walls hanging
250 m above the crater. It can be noted that the local slope reaches
30° in the summit part of Nyiragongo volcano and remains greater
than 5° on the flank of the volcano until reaching a distance of 6—
7 km from the summit of the volcano, except in the north-northwest
direction where a plateau is reached at a distance of 5 km due to the
topography related to the neighbouring Nyamulagira volcano. Beyond
5 km, the slope decreases and depends on the orientation of the profile
considered. Overall, the topography keeps decreasing on the profiles
oriented N180 or N225 °E, i.e. on profiles oriented in the direction of
the rift towards Lake Kivu, whereas on the profiles in the same direction
but oriented north or north-east, the elevation decreases much less after
a distance of 5 km. By averaging all the profiles, it can be assumed
that the volcanic edifice of Nyiragongo volcano has a typical height
H, of 1450 m and a radial extent R, of 5 km and its shape is well
approximated by a cone lying at an elevation of 2000 m above sea level
and thus characterized by a mean slope of 16°.

3.2. Stress perturbation induced by the surface loading

3.2.1. Conical edifice load approximation and analytic solution

We first use an analytical solution in cylindrical coordinates for the
2D axisymmetrical case to estimate the stress perturbation induced by
the load of a conical edifice of height H,, radius R, and density p, lying
over an elastic half-space with Poisson ratio v of 0.25 (see Appendix A),
with a free surface located at the reference elevation H,,,. Note that in
the following we take the density of the edifice equal to that of the crust
(p, = p.). Fig. 3 shows the stress components at various depths below
the surface. In the vicinity of the axis the minimum compressive stress
is horizontal (¢,, ~ 6gy < 0,.) such that a vertical dyke is expected
to form. The minimum horizontal stress varies with the distance from
the axis. Moving away from the axis but remaining close to it (grey
area in Fig. 3), the minimum horizontal stress is the hoop stress oy,
such that radial dykes are expected. At a greater distance from the
axis, the radial stress ¢,, becomes the minimum horizontal stress so that
circumferential dikes should in principle form. However the difference
between ¢y, and o,, is small which does not guarantee the transition
from radial to circumferential. The transition distance at which the
radial stress becomes less than the circumferential stress increases with
depth.

The stresses due to the edifice are compared with the range of
extensional stresses estimated between 6 MPa and 10 MPa around the
Virunga province (Stamps et al., 2010). At a distance greater than
1.5 to 2 times the edifice radius, the influence of the edifice is no
longer present. In comparison, rift-induced extensional stresses become
dominant over the horizontal stresses due to the conical edifice at
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Fig. 2. Topography around Nyiragongo volcano. (a) Outline of lake Kivu (shown in
white at an elevation of 1461 m above sea level) superimposed on the shaded SRTM
Digital Elevation Model. Colour lines are for the height profiles, shown in (b), starting at
Nyiragongo volcano summit and oriented NO and N180 (in grey), N45 °E and N225 °E
(in blue), N90 °E and N270 °E (in green) and N135 °E and N315 °E (in red). The
black line represents the path followed by the magmatic intrusion during the 2021
eruption as inferred from eruptive vents location (Poland, 2022) and by the location
of the seismicity and the inversion of the geodetic data (Smittarello et al., 2022). The
black box indicates the limits of the 80 x 80 km area considered in our numerical
model. Coordinates are expressed in the UTM system (UTM zone 35S). (b) Elevation
as a function of the distance from the volcano summit along the height profiles shown
in (a). The black dotted line represents a conical edifice with a radius of 5 km and a
height of 1450 m, located above a reference elevation H,,, of 2000 m.

shallow depths (i.e. z/R, = 0.2) at a distance as short as 0.6 times the
radius of the edifice. At depths greater than z/R, = 0.5, the rift-induced
extensional stresses dominate the horizontal stresses regardless of the
distance.

3.2.2. Actual topography and numerical model

Subsequently, we use the finite element numerical model, COM-
SOL Multiphysics (https://www.comsol.com/products), to quantify the
local stress field perturbation, relative to the lithostatic stress field, in-
duced by the local topography, including the effects of the Nyamulagira
volcano edifice and the rift shoulder, and the lake water load. The
numerical domain considered is a box of dimensions 80 km x 80 km
x 80 km, centred at the point of geographic coordinates —1.677383N,
29.171688E (750287, 9831805 in UTM coordinates, see the extension
of this domain in Fig. 2a). The whole domain is considered as an elastic
and homogeneous medium with a Poisson’s ratio v of 0.25. The top
surface of the box is located at an elevation of H,,, = 1461 m above
sea level while the depth extends 80 km below sea level. Note that
we take a vertical dimension much larger than the crustal thickness
(estimated by Chakrabarti et al. (2009) to be around 35 km) not to
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Fig. 3. Stress perturbation induced by a conical load of height H, = 1450 m, radius
R, = 5 km and density p, = p, = 2700 kgm™ applied at the surface of reference
H,; = 2000 m of an elastic half-space of Poisson coefficient v = 0.25. The curves
in solid black, dashed red and dotted blue represent respectively the vertical (o,.),
radial (¢,,) and hoop (o) stress in cylindrical coordinates. The range of extensional
stresses estimated for the East African Rift between 6 MPa and 10 MPa is represented
with horizontal dashed lines for comparison. (a) Stress at elevation z = 1000 m, which
corresponds to a normalized depth of z/R, = 0.2 (depth in respect of the reference
elevation and normalized by the edifice radius of 5 km). (b) Stress at elevation z = —500
m, which corresponds to a normalized depth of z/R, = 0.5. (c) Stress at elevation
z = =3000 m, which corresponds to a normalized depth of z/R, = 1. The grey area
is where the minimum compressive stress is the hoop stress (o,,), such that vertical
radial dykes are expected. The blue vertical line represents the location of the lake
shoreline for a dyke oriented north-south.
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consider the lithospheric mantle but only to ensure that the boundary
condition applied at the bottom of the box does not influence the
calculated crustal stress field. The domain is discretized into 350,000
tetrahedral elements whose size is smaller (maximum element size of
200 m) around the area of interest including the summit of Nyiragongo
and the path followed by the magma during the 2021 eruption (see
Fig. 2). We impose a zero displacement condition at the bottom and
a zero horizontal displacement condition on the lateral faces of the
box. At the upper surface, a normal stress corresponding to the load
of the medium of density p. = 2700 kgm™ is applied by considering
the difference between the local elevation E(x,y) and the elevation of
reference z = H,, .

0, (x,y,Href) =p.8 (E(x,y)—Href). (€D)]

Note that when the local elevation is below the elevation of reference,
an unloading is applied to account for the loading deficit compared to
the reference state of stress. In the area corresponding to Lake Kivu, an
additional pressure corresponding to the load of the water is applied to
the surface and the vertical stress applied then becomes at z = H,,,:

0o (%9 Hypp) = pe8 (E(.3) = Hypf) + pyy gW (X, 9 @

where p,, is the water density taken equal to 1000 kgm™>.

Fig. 4 shows the stress o, (in dotted blue) acting perpendicular to a
vertical dyke propagating from the central area of Nyiragongo volcano
either towards the south (left column) or following the path observed
during the 2021 eruption as reported in Fig. 2a (right column). This
stress, which acts against the opening of the dyke when positive,
decreases when going from Nyiragongo central area towards Lake Kivu
along both paths considered. In addition, when the magma reaches
Lake Kivu, this decrease is accentuated, particularly at shallow depths.
The decrease is larger along the observed path (the right column
in comparison the left one) and at shallower levels (the top row in
comparison with the bottom one). In practice, this decrease is of the
order of 15 MPa by the time the dyke has propagated ~ 10 km (see
Fig. 4b), which is of the same order of magnitude as the tectonic
extensional stress. This is expected to promote lateral spreading as the
stress acting against the dyke opening decreases as magma propagates
towards the lake. The only exception to this decrease of ¢, along the
magma path is observed when the dyke changes in orientation from
N160 °E to N20 °E at depth (z = —3550 m) but it should be noted
that here only the topography is considered while the tectonic stress
is ignored. As the maximum extension is oriented perpendicular to rift
direction, an extension greater than 2 MPa is enough to counterbalance
this small increase (see Fig. B.12 in Appendix B). Also note that the
stress o, perpendicular to the dyke remains less compressive than the
other stresses, which is consistent with the orientation of the plane of
propagation.

At the shallow level (z = 450 m, Fig. 4a,b) the components of the
stress field are similar to those estimated for a conical edifice using
the analytical solution. Similarly, the edifice loading stress is larger
than the extensional stress field when the distance from the summit
remains smaller than 5 km. However, the attenuation with depth of the
topography-induced stress field perturbation is much less pronounced
than in the case of a conical load, mainly due to the larger spatial extent
of the load considered. It follows that at a depth of approximately 1 km
below sea level, the stress field induced by its load remains of the same
order of magnitude as the extensional stress, below the volcanic edifice.

To summarize, both the analytical calculation for an axisymmetrical
conical volcanic edifice and the numerical calculation considering the
more complex real topography show that magma should propagate
radially (i.e. vertical plane of propagation) and the local stress field
of the edifice dominates the regional tectonic stress in the immediate
vicinity of the edifice and at shallow depths relative to the elevation
of reference. From the analytical solution, laterally propagating magma
from the central area is expected to move radially from the edifice axis.
Lateral magma propagation from the edifice is favoured by a decrease
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Fig. 4. Stress perturbation induced by the local topography and lake water load along two vertical surfaces initiating at Nyiragongo summit: the north-south vertical plane (grey

dashed profile in Fig. 2a) for the left column (a, ¢, e) and the vertical surface following

the magma path oriented N160 °E during 5 km (grey area) and then N20 °E (black line

in Fig. 2a) for the right column (b, d, f). The solid black and dotted blue curves respectively represent the vertical (¢,.) and normal (s,) stress, whereas the dashed red curve

represents the horizontal stress component (c,,,,

) orthogonal to o,. The range of extensional stresses estimated for the Virunga region between 6 MPa and 10 MPa is also shown

with horizontal dashed lines for comparison. (a),(b) Stress at elevation z = 450 m, which corresponds to a dimensionless depth of 0.2 (depth in respect of the reference elevation
and normalized by the edifice radius of 5 km), (b) Stress at elevation z = —1050 m, which corresponds to a dimensionless depth of 0.5, (c) Stress at elevation z = —3550 m, which
corresponds to a dimensionless depth of 1. The blue vertical line represents the location of the lake shoreline and the black vertical line represents the change in orientation of

the vertical plane when considering the observed trajectory of the magma.

of the horizontal stress acting perpendicular to the dyke. Since the ori-
entation of a laterally propagating vertical dyke is strongly dependent
on the direction of the principal horizontal stress components, in the
following section we calculate the orientation of the horizontal stress
field at various depths by combining the effects of the volcanic edifice
loading and the extension of the rift.

4. Orientation of a laterally propagating vertical dyke in an exten-
sional stress field

We calculate the two-dimensional stress field in an horizontal plane
located at a given depth either using the analytical formula for a
conical load or the numerical model based on the Digital Elevation
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Fig. 5. Stress field perturbation induced by the combined effect of varying tectonic
extension oriented N110 °E, perpendicular to the rift direction, and the load of a conical
edifice (radius R, = 5000 m, height H, = 1450 m and density p, = 2700 kgm™) lying
above the reference level (H,,,) set at an elevation z = 2000 m. Black lines are for the
orientation of the maximum compressive stress inside the horizontal plane along which
a vertical dyke fully controlled by the local stress field should align. The colour scale
corresponds to the horizontal deviatoric stress, with higher values favouring stronger
control of the stress field over the orientation of the dyke. The black cross indicates the
location of the summit of Nyiragongo and the red line shows the magma path of the
2021 eruption. The left, middle and right columns represent the cases of no extension,
1 MPa extension and 3 MPa extension, respectively. The upper, middle and lower rows
are calculated at altitudes of 1000 m, —500 m and —3000 m respectively.

Model (DEM) and bathymetric data set. The stress field components,
Grx» Oyy» Oxy, are expressed in Cartesian coordinates (x, y) such that x is
in the east-west direction and positive towards the east, and y is in the
north-south direction positive towards the north as shown in Fig. 1.
We add a tectonic stress field characterized by an amplitude o,,, and
oriented N110 °E, i.e. with an angle § = —20° with respect to the x-
axis (east-west direction) as illustrated in Fig. 1. We then solve for the
principal components of the total stress field.

Fig. 5 shows the direction of the maximum horizontal compressive
stress as well as the amplitude of the horizontal deviatoric stress

02 =03 = Omax ~ Opmin

as a function of cone edifice load and varying rift extension. The left
column, without extension, illustrates the load effect of the edifice
alone. Consistent with the stress component along a radial profile at a
given depth (see Fig. 3 and its description), vertical dykes propagating
laterally at depth from the central zone of the volcano should be radial
near the central zone before becoming circumferential at some distance,
with a more distant transition for deeper dykes. However, the forcing of
reorientation by stress is greater at shallower depths, as shown by the
greater deviatoric stress in the zone where the maximum compressive
stress changes from radial to concentric. Extensional stresses due to rift-
ing tend to reorient the direction of maximum stress along the direction
of the rift (N20 °E) both near the top of the edifice when the amount
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Fig. 6. Stress field perturbation induced by the combined effect of varying tectonic
extension oriented N110 °E, perpendicular to the rift direction, and the topographic
load applied from the SRTM numerical model and the bathymetry of Lake Kivu above
the reference level (H,,,) set at an elevation z = 1461 m. Black lines are for the
orientation of the maximum compressive stress inside the horizontal plane along which
a vertical dyke fully controlled by the local stress field should align. The colour scale
corresponds to the horizontal deviatoric stress, with higher values favouring stronger
control of the stress field over the orientation of the dyke. The black cross indicates the
location of the summit of Niyragongo and the red line shows the magma path of the
2021 eruption. The left, middle and right columns represent the cases of no extension,
1 MPa extension and 3 MPa extension, respectively. The upper, middle and lower rows
are calculated at altitudes of 450 m, —1500 m and —3550 m respectively.

of extension increases and at some distance from the edifice where
the stress field induced by its load is negligible as already described
in Roman and Jaupart (2014). The stress field induced 2500 m below
the reference level, at 500 m below sea level, considering an extension
of 1 MPa, matches particularly well the path followed by the magma
during the 2021 eruption, explaining a reorientation occurring at 5 km
from Nyiragongo summit. This extension is smaller than the extension
inferred by Stamps et al. (2010). According to our calculations, an
extension of between 0.5 and 2 MPa, at a depth of between 0.3R, and 1
R,, which corresponds to an elevation of between 500 m and —3000 m,
produces a stress field consistent with the path of the magma when we
consider the effect of loading a conical edifice with a radius of 5 km
and a height of 1450 m.

Fig. 6 shows the same information as Fig. 5 but considering the
combined effect of the local stress field due to the topography and
water load of the lake, estimated numerically with the COMSOL model,
and the rift extension. In this case, the effect of Nyiragongo edifice
load appears to be mixed by other topographic effects induced by mass
distribution above the reference level (here set at z = 1461 m) over
a larger spatial extent such that the radial pattern of the maximum
horizontal compressive in the vicinity of the volcanic edifice is much
less obvious even in absence of extension (left panel). In particular,
the orientation of the magma path in the first 5 kilometers from the
summit is consistent to the local stress field only when considering no
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extension and a deep level (z = —3550 m, bottom left panel in Fig. 6).
As expected the extension always induces a stress field consistent
with the magma path at some distance from the edifice. In addition
the area where we observe a change in magma direction is always
characterized by maximum values of the horizontal deviatoric stress.
Here, our calculations favour a deeper propagation of the magma, at
a depth of between 0.5R, and R,, which corresponds to an altitude
of between —1000 and —3550 m, and a slightly greater extension,
between 2 and 3 MPa, to produce a stress field fairly consistent with
the trajectory of the magma.

In this section, we studied the stress field distribution in horizon-
tal planes at fixed depths and a given extension in order to discuss
potential effects on the orientation of laterally propagating vertical
dykes. However, the depth of propagation may change as the magma
propagates while at the same time the extension is expected to vary
both vertically (Grandin et al.,, 2012) and horizontally. In the next
section, we address the issue of competition between the horizontal and
vertical stress gradient within the propagation plane, which controls
the evolution of the propagation front and hence its depth with a depth-
and position-dependent extension along the rift.

5. Competition between horizontal and vertical stress gradient in
the plane of propagation

In this section, we estimate the preferential propagation direction
in the propagation plane as a function of the horizontal and vertical
stress gradients following the approach proposed by Davis et al. (2021)
and recently applied by Mantiloni et al. (2023) in the specific context
of calderas. We thus consider a finite batch of magma, the shape of
a circular penny crack of radius ¢ in a vertical plane, and search for
the maximum of stress intensity factor K; at its edges. The stress
intensity factor K; at a given position of a penny-shaped crack edge and
subjected to a linear pressure gradient is given by Tada et al. (2000):

4

K =54y e e 3

where Ay is the linear pressure gradient along the diameter passing
through the position. K is thus maximum at the position corresponding
to the maximum pressure gradient.

The pressure gradient inside the crack results from the difference
between the magmatic pressure and the external stress field acting
perpendicular to the vertical plane. The magmatic pressure results from
the static pressure gradient plus the viscous pressure induced by the
flow of magma. In the case of a static crack, the magmatic pressure
is only controlled by the magma buoyancy. The external stress field
depends on the lithostatic stress field and any deviatoric stress fields
such as the tectonic stress field, stresses induced by the propagating
dyke, local topography and any load applied to the surface (e.g. lake
water load). It follows that the pressure gradient dP/dl along a given
direction / can be expressed as the buoyancy gradient 9 P,,,,/d! and the
external pressure gradient ds,/dl, where o, is the disturbance of the
normal stress acting at the wall of the magmatic intrusion with respect
to the lithostatic stress. As a result,
oP _ oP, buoy ()O‘n

o ol T )

We calculate the pressure gradient in the vertical propagation plane,
using a 2D Cartesian coordinate system with s axis corresponding to the
horizontal axis of the plane oriented positively away from the volcanic
edifice and z the vertical axis oriented positively upward (see Fig. 1).
The buoyancy gradient is maximum in the vertical direction and null
in the horizontal with the components of the gradient be given:

anuoy
=0, 5
- &)
P,
= (pe = P8 6

0z

Journal of African Earth Sciences 226 (2025) 105569

where p,, is the magma density. Providing the magma is less dense than
the surrounding crust, this gradient is positive, ensuring a larger value
of the stress intensity factor on the upper edge of the magma crack and
thus an upward propagation. The calculation of the buoyancy gradient
is estimated locally on a grid characterized by a given spatial step,
which allows changes in crustal density to be taken into account with
depth.

The components of the external stress field do,/ds and do,/0z are
estimated numerically from the stress field normal to the vertical prop-
agation plane taking into account stress pertubations of the lithostatic
stress field induced by topographic loading, lake water loading and the
extensional stress varying along the rift and with depth. As previously
considered, extension is oriented N110 °E, i.e. with an angle 6 =
—20° with respect to the x-axis (east-west direction). The amplitude
of extension is assumed to increase linearly with depth, according to
Byerlee’s law (Brace and Kohlstedt, 1980) and the extensional stress
component is defined as:

0'ext(z) = _5(Href —-2), (7)

where 6 is the linear vertical gradient corresponding to the limit of
rock strength when the minimum principal stress o5 is horizontal.
As explained in the introduction, the spreading rate recorded around
Lake Kivu is 2.8 mm yr~! with a north-south lateral gradient of about
2.2 % 107 mm yr~! m~1 (Stamps et al., 2008). Such a lateral gradient
in the extensional stress field indicates that the extension amplitude
increases slightly towards the south. By scaling the lateral extension
gradient with the spreading rate gradient, we therefore define the
amplitude of the horizontal stress gradient, at each given elevation z, as
|64 (2)|%2.2x1076 /2.8, with 6,,,(z) given by Eq. (7). Using a value of the
vertical gradient of extension () between 1400 Pam~! and 2500 Pam™!,
this corresponds to extensional stresses of respectively 8.4 and 15 MPa
at 6 km depth. We note that the horizontal gradient of extension
applied is of the order of 10 Pam™! i.e. two orders of magnitude less
than the vertical gradient. We then add the contributions of buoyancy
and the external stress field due to the topography and estimate the
direction corresponding to the maximum stress gradient. For the buoy-
ancy term, magma density at Nyiragongo is expected to vary from 2530
to 2650 kgm™ (Burgi et al., 2014) while the crustal density is not well
constrained, so we consider density contrasts between crust and magma
(p. — p,) ranging from 200 to 0 kgm_3.

The results for the direction of the maximum pressure gradient and,
consequently, the expected direction followed by the magma within
the propagation plane, are presented in Fig. 7. Note that Fig. 7 shows
results for the stress fields due the conical edifice and the topography
given by, respectively, the analytical solutions presented in Appendix A
and the numerical solutions presented in Section 3.2.2. The behaviour
is the same in both cases, the difference being mainly due to the
difference in the reference level H,,, considered: for the analytical
solution, this level is higher, which makes it possible to calculate the
stress field at a shallower level, which is however not entirely realistic
since in the vicinity of Lake Kivu, the altitude is close to 1461 m.

Below the volcanic edifice, the magma ascent is inhibited by the
compressive stress field induced by the edifice load such that the
magma is expected to propagate laterally at the effective level of
neutral buoyancy, which is the maximum overpressure level as defined
by Pinel and Jaupart (2004). The depth of this level depends on the
balance between the external stress field vertical gradient and the
density contrast between the magma and the surrounding crust. It
follows that whatever the depth at which the magma was initially
stored, either at depth or even directly in the lava lake, once the dyke
is initiated, it will reach this effective level of neutral buoyancy. This
results is consistent with the lava lake drop observed simultaneously
with each intrusive event (Barriére et al., 2022).

As the magma propagates away from the volcanic edifice, the
compressive stress field decreases in amplitude, leading to a rise of
the magma. The magma moves towards the surface at a distance of
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Fig. 7. Influence of the magma pressure gradient on the direction of propagation inside the vertical propagation plane. The propagation plane considered is the one represented
in Fig. 2 (a) (N160 °E for 5 km then N20 °E). Black arrows are for the direction of the maximum pressure gradient inside a penny shaped crack of radius 200 m and the colour
scale is for the amplitude of the normal stress acting normal to the vertical dyke (s,). The vertical blue line is the position of Lake Kivu shoreline. Red lines represent the paths
followed by the magma starting below the edifice at z =0, z=—1, z= -2 and z = -3 km. (a) Result obtained considering a conical load (analytical solution) applied above a
surface located at elevation H,,, = 2000 m, an homogeneous density contrast p, — p,, = 150 kgm™ with a vertical extension gradient § = 1400 Pa/m. (b) Same as (a) except that
the density contrast is reduced to an homogeneous value of 100 kgm™ in the shallow crust (at 1500 below the reference level z = H,, +)- () Results obtained considering the
topographic and water loading (numerical solution) applied above a surface located at elevation H,, = 1461 m, an homogeneous density contrast p, — p,, = 200 kgm™ with a
vertical extension gradient & = 2500 Pa/m. (d) Same as (c) except that the density contrast is reduced to anhomogeneous value of 100 kgm™ in the shallow crust (at 1500 below
the reference level z = H,, /).

approximately 5 km from the centre of the volcano, which corresponds related to the increase in extension with depth. In fact, comparing
to the location of the vent feeding the lava flow in 2021 on the flank Figs. 7 and C.13 of Appendix C, with similar density contrasts but with
of the volcano. and without depth-dependent extension, respectively, shows that this is

Then, due to the reorientation of the dyke, which induces a decrease a key ingredient for extensive lateral spreading. To a lesser extent, an
in the stress acting perpendicular to the propagation plane, the magma additional decrease in buoyancy at shallow levels is required as shown
sinks back to depth in agreement with the results from the inversion of in panels b and d of Fig. 7. The smaller density contrast at shallow levels
geodetic data (Wauthier et al., 2012; Smittarello et al., 2022). The sub- may be explained by smaller crustal densities beneath Lake Kivu as

sequent lateral spreading of magma over more than 20 km is strongly inferred from geophysical imagery (Tuluka, 2010). Also, the magma is
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expected to be degassed in this open system and possible additional gas
loss could have occurred during the lava flow emplacement leading to
an increase in magma density. The density difference between degassed
and ascending magma is considered between 70 and 120 kgm~3 (Burgi
et al., 2014).

Note that when the magma reaches the lake shoreline lateral prop-
agation is further promoted by the steep bathymetry of the lake. This
can be seen in the stress field calculated numerically (panels ¢ and
d of Fig. 7) with arrows for the maximum pressure gradient steeply
descending close to the shoreline. However, this effect is difficult to
clearly demonstrate because our approximation of the stress gradient
is derived with a spatial step of 400 m which does not allow us to
precisely follow stress changes at shallow depth.

6. Discussion

Computing the stress field resulting from the combined effect of
topographic loading and tectonic extension applied on an homogeneous
elastic medium, we have shown in Section 3 that the influence of
the Nyiragongo volcanic edifice on the stresses is limited to distances
from the summit of the order of magnitude of the edifice radius at
shallow depth. Beyond this distance, the extensional stresses due to
rifting would dominate the stresses induced by the edifice. In particular,
considering the path followed by the magma as aligned with the max-
imum compressive stress, the propagation of the dykes should initially
be radial over a radius of 5 km, the minimum horizontal stress being
the circumferential stress oy, to then change direction to align with
that of the extensional stresses. This is in fact entirely consistent with
Figure 4 of Smittarello et al. (2022) in which the propagating dyke
changed direction 5 km from the summit approximately at about 1 km
depth from the base line of the edifice during the 2021 eruption. We
note that the same behaviour was reported by Wauthier et al. (2012)
in their figure 8a during the 2002 eruption. The control of tectonic
extensional stresses on dyke opening is typical of rift zones (e.g. Wright
et al., 2012).

However, the crust in the Kivu basin is far from being a homo-
geneous medium as numerous fractures have been mapped. Most of
them are strongly aligned with the direction of the rift, but some
have different directions (Wadge and Burt, 2011; Smets et al., 2016).
In addition, magma remaining trapped at depth, either from failed
eruptions or from the cooled part of ancient dykes that fed eruptive
vents, also produces crustal heterogeneities. According (Smets et al.,
2016) (see Fig. 7A), the eruptive fissures are characterized by two
main orientations, one aligned with the rift direction (around N20 °E)
and the other with the N160 °E direction, thus corresponding exactly
to the two successive orientations followed by the magma during the
2021 eruption. All these crustal heterogeneities are expected to induce
crustal anisotropy in agreement with the results of seismic imagery in
rift zones (Keir et al., 2011).

Inherited faults and dykes can potentially modify the stress field.
This effect could be studied by numerical modelling. For instance,
the interaction between propagating magma and faults can be mod-
elled and has the potential to stop magma propagation (Maccaferri
et al.,, 2016), supporting the potential role of the Nyabihu fault in
stopping magma propagation during the 2021 eruption, as proposed
by Smittarello et al. (2022). In general however, the lack of geometric
constraints on the structures at depth makes the modelling difficult.
This being said, the role of faults should only become significant when
the control of the local stress field is weak (low deviatoric stress) or
does not favour a particular direction of propagation. In particular, the
N160 °E orientation of the magma trajectory over the first five kilo-
metres for the 2021 event cannot be explained either by the analytical
calculation of the edifice load, since in this axisymmetrical case any
radial direction is identically favoured, nor very easily by the numerical
calculation considering the topographic load. The N160 °E direction
actually corresponds to the alignment of Nyamuragira and Nyiragongo
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volcanoes and the expected orientation of transfer faults in the Virunga
Volcanic Zone as described by Wadge and Burt (2011). As most of the
faults and structures are oriented in the direction of the rift, they will
only reinforce the role of extensional tectonic stress by favouring the
N20 °E orientation of the magma once it has escaped the stress field
of the Nyriragongo volcanic edifice. The presence of old fractures or
fissures near the vent opened in 2021 may have favoured the arrival
of magma at the surface as it was rising to the base of the volcano, as
predicted by our model (see Fig. 7). However, the equilibrium between
the stress field and buoyancy favoured the forward lateral propagation
of the magma, so only a small amount of magma was emitted while
most of it continued to propagate laterally at depth towards the south.

The ability of the magma to align its trajectory along the direction
of the maximum compressive stress and its potential sensitivity to
crustal heterogeneities depend on its driving pressure. In fact, many
studies (Mériaux and Lister, 2002; Watanabe et al., 2002; Menand et al.,
2010; Maccaferri et al., 2019) have shown that a dyke that is initially
poorly aligned with respect to the principal stress trajectory will even-
tually reorient itself depending on the balance between the deviatoric
stress and the magma driving pressure. If the driving pressure of the
magma is high relative to the deviatoric stress, the magma will take
longer to realign with the maximum compressive stress. In practice, the
trajectory of the magma will be reoriented at a greater distance. For
lateral propagation, the main pressure exerted on the magma results
from its initial overpressure in the magma reservoir. In the particular
case of the Nyiragongo volcano, an upper limit of this magmatic over-
pressure can be estimated from the level of the lava lake. If we consider
that the 2002 eruption reduced the magmatic overpressure inside the
storage zone beneath Nyiragongo to zero overpressure (which is an
upper limit because this reservoir may have been depressurized by the
eruption), and that the level of the lava then rose by 300 m before the
2021 eruption (Barriere et al., 2022), a calculation of the hydrostatic
pressure leads to an initial magmatic overpressure of less than 8 MPa.
This upper limit of 8 MPa for the magma overpressure is compara-
ble to the magnitude of the extension, so a delay in reorientation
could occur. This means that the extension amplitude values derived
in Section 4 could be underestimated, leading to a better agreement
with the values previously provided by Stamps et al. (2010). Only a
dynamic propagation model could resolve the exact trajectory, taking
into account the pressure gradient of the magma resulting from its
driving pressure and the viscous pressure loss induced by the flow.
This model is beyond the scope of this study, as there is currently
no comprehensive 3D model that takes into account magma flow and
crustal fracture and can resolve both the orientation of the propagation
plane and the direction of propagation within that plane. However,
the validity of the approximation we used in Section 5 based on the
direction of propagation of a penny-shaped crack could be tested using
a model resolving the propagation of magma in a given plane (e.g. Zia
and Lecampion (2020)) or by carrying out analog experiments.

From historical eruptions at Nyiragongo, it appears that propagation
over large distances (more that 20 km) only occurs towards the south
whereas some vents were observed in the north as for instance in
1977 (Durieux, 2002/2003; Wadge and Burt, 2011) and the intrusions
recorded by seismic swarms were directed towards the north (Barriere
et al., 2022). Lateral propagation in both directions from the feeding
centre is a common feature in rift zones. It was recently observed in
Iceland (Sigmundsson et al., 2024). At Nyiragongo volcano, even if
both directions can be taken, the propagation towards the south seems
more favoured. This could be explained both by the topography, which
decreases more markedly towards the south due in particular to the
proximity of the Nyamulagira edifice to the north-west, and by the
slight increase in extension towards the south in this particular zone
of the rift.

Kervyn et al. (2024) used historical vents and lava flows com-
bined with lava flow simulations to derive a lava flow probabilistic
susceptibility map of the Nyamuragira-Nyiragongo volcanic complex,
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which is a very useful tool for risk mitigation. In their approach, the
spatial distribution of the probability of a vent opening during the next
eruption was constrained on the basis of the mapping of historical and
prehistoric eruptive vents and fissures. Despite its obvious interest, this
strategy is limited by the small number of well-known past eruptions
and ignores the physical processes controlling the location of vents,
making it impossible to take into account the evolution of the stress
field potentially resulting from past activity. As already pointed out
by Rivalta et al. (2019), a physics-based model such as the one pro-
posed here has the advantage of allowing a better prediction of vent
locations once the model parameters have been constrained on the basis
of past eruptions. Such a model could certainly improve probabilistic
maps of lava flow susceptibility.

7. Conclusion

We show that a static analysis of the stress field resulting from
the combination of the topographic and lake load and the extensional
stress field in the southern west branch of the East African rift can
explain the two main characteristics of magma propagation from the
Nyiragongo volcano. First, the propagation of magma from the volcanic
edifice is influenced by the topographic load of the volcano, leading to
a radial propagation over about 5 km beyond which the extensional
stress field dominates leading to a north-south propagation towards
Lake Kivu. Second, we show that magma subsurface propagation over
more than 20 km requires a depth-dependent extension and a reduced
density contrast at shallow depth, implying limited buoyancy, which
is consistent with degassed magma propagating through layers of low-
density upper crust together. Taking into account the influence of the
stress field could potentially improve the assessment of the risks associ-
ated with the emplacement of lava flows. Finally, a similar subsurface
propagation of magma towards Lake Kivu during future eruptions is
likely and highlights that a subaquatic eruption at Lake Kivu with
unknown consequences cannot be ruled out.
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Appendix A. Stresses due to a conical edifice

The general form of the stresses induced by an axisymmetrical
edifice of radius R, based on a surface z = 0 in a semi-infinite space can
be found in Sneddon (1995) (p 469-473). Due to the axial symmetry,
the stresses are expressed in cylindrical coordinates (r, 0, z), where the
z axis taken along the axis of symmetry, normal to the plane z = 0 and
positive downwards. The boundary conditions are given in terms of the
stresses o;;

6,, = p(r)atz=0and r < R,, (A.D)
6., =0atz=0and r>R,, (A.2)
o, =0atz=0, (A.3)

=0as z > o, (A4

Ojj
where p(r) is the pressure due to the load of the edifice. We note
that we use the sign convention, positive compression and negative
tension.

In an axially symmetric elastic medium unbounded in the r direc-
tion, stresses and displacement can be expressed as a function of an
arbitrary function @, solution to the biharmonic equation (V*® = 0).
Stresses and displacements can then be given in the form of Hankel
transforms (i.e. integrals of Bessel functions of the first kind J,(¢ér) of
order n) of the function @ satisfying the boundary conditions. In doing
so, stresses o;; and their trace Tr(c) can be expressed as follows:

0,1 z) =z /0 Z©)Jo(Erye 2 ede

+ / Z(©)Jy(Ere ™ 2de, (A.5)
0

0,,(r2) =2z / Z(&)J (Ere SR EdE, (A.6)
0
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Tr(o) =o0,.(r,z) + 0ge(r,z) + 0,,(r,z) =2(1 + v)/ Z(é)Jo(ér)e_‘fzd:S,
0

(A7)
0,(r,2) = /0 (1 = E2)Z(&)Jy(Er)e2dé
+1 / [z— ﬂ] Z(E)J,(Ene 2 de, (A.8)
rJo ¢
where the function Z(¢) given by
Z(¢)=¢ / rp(r)Jo(&rydr. (A.9)
0

has been introduced and v is the Poisson’s ratio. Full details of the
derivation can be found in Sneddon (1995).

In the case of a conical edifice of density p, and height h,, the
pressure p(r) is given by
p(r) = p,gh, (1 - RL> for r <R,,

e

(A.10)

p(r) = 0 for r > R,, (A1D)

where g is the gravitational acceleration. The first term corresponds to
a pressure associated with a cylindrical load of height h, and radius R,,
the second term is a correction for the conical shape.

Substituting Egs. (A.10) and (A.11) into Eq. (A.9) leads to

R,
2@)=¢ [ st (1= 5 ) e, (A12)
0 e
which can be expanded and simplified as
R /3 5 1
— _g_¢€ 21 2. _Lg2p2
2 = peshe | RIER) =62 (5:1.5:-78R2) | (A13)

12

Journal of African Earth Sciences 226 (2025) 105569

Depth z/R.=0.2

06 T T T " T T
N —— Cylindrical Edifice o€,
© ——— Conical Correction o{¢ ]
% Conical Edifice ¢¢¢¢
= — — Range Tensional EAR Stress | |
<]
]
U
g
a
04 . . . . . . . . .
05 1 1.5 2 25 3 35 4 45 5
Dimensionless distance r/R,
Depth z/R.=0.5
03 . T . T T T " : ;
P —— Cylindrical Edifice o€,
o 02r —— Conical Correction ¢5¢ ]
% _______________ Conical Edifice 07 +C¢
= 0L — — Range Tensional EAR Stress |7
]
Z ol -
1
A o
02 . . \ . , . . . .
05 1 1.5 2 25 3 35 4 45 5
Dimensionless distance /R,
Depth z/R.=1
025 —————— ————— P —— T " . T
£ o2 —— Cylindrical Edifice of‘,‘. ) i
S —— Conical Correction o§¢
2 015 Conical Edifice ¢C+C¢ 1
= o1 — — Range Tensional EAR Stress
9]
‘D 0.05
g
£ o
A -005
. \ . \ !

2041 1 L I I
0 1.5 2 2.5 3 3.5 4

Dimensionless distance /R,

Fig. A.10. Stress Component o,, due to a conical edifice in dimensionless form.

Depth z/R,=0.2

06 . T . : . "
& —— Cylindrical Edifice a'y(;,
S
& 04r ——— Conical Correction o§¢ b
I = N, Conical Edifice ¢¢.C¢
L e ST O — — Range Tensional EAR Stress | |
g or
:
= 021 B
A
04 . . . . . . . . .
05 1 1.5 2 25 3 35 4 45 5
Dimensionless distance r/R,
Depth z/R.=0.5
03 . T : T . T " T T
N —— Cylindrical Edifice o,%
S . . -
e 02 —— Conical Correction (¢ 7
2 - s T T T Conical Edifice o5¢¢
= M — — Range Tensional EAR Stress |
Z or s
=
= o1 f i
A
02 . . . . . . . . .
0 05 1 1.5 2 25 3 35 4 45 5
Dimensionless distance r/R,
Depth z/R.=
0.05 T T T " " "
2 —— Cylindrical Edifice 0§, )
N —— Conical Correction o§¢
2 Conical Edifice ¢§+¢¢
=
S of 5
g
g
Q.)
g
8=
A
005 . . . . . . . . .
0 05 1 15 2 25 3 35 4 45 5
Dimensionless distance r/R,
Fig. A.11. Stress Component c,, due to a conical edifice in dimensionless form.




V. Pinel and C.A. Mériaux

Elevation z =-3550 m
31.2
26
20.8 + —_— 0, 1
15.6
10.4
5.2

N160°E

Stress (MPa)

-5.2
-10.

0 5 10 15 20 25
Distance along the dyke (km)

Fig. B.12. Stress perturbation induced by the local topography and lake water load
combined with a rift extension of 2 MPa along the vertical surface following the magma
path as recorded by geophysical observations oriented N160 °E during 5 km (grey area)
and then N20 °E (black line in Fig. 2a). The solid black and dotted blue curves represent
respectively for the vertical (¢.,) and normal (c,) stress, whereas the dashed red curve
shows the horizontal stress component (o,,,,) orthogonal to o,. Stress is estimated at
elevation z = —3550 m, which corresponds to a normalized depth of 1. The blue vertical
line represents the location of the lake shoreline and the black vertical line represents
the change in orientation of the vertical plane when considering the observed trajectory
of the magma.

where 7, (% 1, g; —%52 R?) is a generalized hypergeometric function.

Replacing Z(¢) given by Eq. (A.13) into Egs. (A.5)-(A.8) gives the
stresses due to a conical edifice, which we can decomposed into the
contribution for a cylindrical edifice of height , and radius R, (Pinel
and Jaupart, 2000; Roman and Jaupart, 2014) and the correction
for the conical shape (terms involving the hypergeometric function).
Egs. (A.5)-(A.8) then become:

oD _ g / " JoEnT, ER e ede + R, / " JoEnT ER e de
pe8h, 0 0
R [ 3.0 5. Lo\ e 2
-5 rz(z,l,z,—zg Rg>e Jo(Enetde
R [ 3.0 5. Lo, ¢
-5/ PZ(E’I’E’_Zf Re>e Jo(Er)édé
(A.14)
% =zR, /oo JIERNJ (Ere 42 edE
.gh, 1:2 - . (A.15)
_ e 3.5 1om )
= r2(2,1,2, 78 Re)Jl(ér)e &de
i;’l) =2(1+ V)R, / Jo(ENJ (ER,)e™ 2 d¢
Pe8N, 02 (A16)
Sl /wr (§~1 §-—1§2R2)J (Eretede
3 Jo F\27 720 4% Te)t0
O 2) =R, / 00(1 — E2)Jy(ENT, (ER e 57 dE
peghe 0

;R / [z— 1'2V] J1(Er)J (ER)e™2d¢E

r Jo ¢

R [ 3.5 1o, ez
- T/o (=P (311,33 -7 8 R ) Jo(ene ¥7ede

RZ [ 1-2v 3.5 1.4, e
_5/0 [z— ; ]F2<§,1,§,—Z§R6)J1(§r)e Ede

(A.17)
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Fig. C.13. Influence of the magma pressure gradient on the direction of propagation
inside the vertical propagation plane. The propagation plane considered is the one
represented in Fig. 2 a) (N160 °E for 5 km then N20 °E). Black arrows are for the
direction of the maximum pressure gradient inside a penny shaped crack of radius
200 m and the colour scale is for the amplitude of the normal stress acting normal to
the vertical dyke (o,). The vertical blue line is the position of Lake Kivu shoreline. Red
lines represent the paths followed by the magma starting below the edifice at z = 0,
z=-1,z=-2and z = -3 km. (a) Result obtained considering a conical load (analytical
solution) applied above a surface located at elevation H,,, = 2000 m, an homogeneous
density contrast p, — p,, = 150 kgm™. No vertical extension gradient is considered. (b)
Same as (a) except that the density contrast is reduced to an homogeneous value of
100 kgm™ in the shallow crust (at 1500 below the reference level z = H,, +)- (¢) Results
obtained considering the topographic and water loading (numerical solution) applied
above a surface located at elevation H,,, = 1461 m, an homogeneous density contrast
Pe — P = 200 kgm™. No vertical extension gradient is considered. (d) Same as (c)
except that the density contrast is reduced to an homogeneous value of 100 kgm™ in
the shallow crust (at 1500 below the reference level z = H,, /).

Egs. (A.14)—(A.17) can be integrated numerically. In this study,
we used Matlab and a in-house routine. The component oy, can be
calculated from (A.16), (A.14) and (A.17).

Figs. A.8-A.10, show the dimensionless stresses components as a
function of the dimensionless radial distance r for three dimensionless
depths z = 0.2, 0.5 & 1. The stresses have been made dimensionless
using the pressure scale p,gh,, where p, and g are respectively the
density of the edifice and the gravitational acceleration. The distance r
and depths z have been made dimensionless using the length scale R,.
The Poisson ratio v was taken equal to 0.25. We verified that solutions
at the axis (» = 0) for the cylindrical and conical edifice corresponds
to the analytical solution provided by Pinel and Jaupart (2000) by
linearization.

Corrections to all stress components from the cylindrical shape to
the conical shape decrease by about half the magnitude of the stress
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components due to a cylindrical edifice. At a dimensionless distance
r/R, between 1.5 and 2, the influence of the edifice is no longer
present.

Appendix B. Stress perturbation induced by the local topography
and lake water load combined with a rift extension of 2 MPa along
the vertical surface following the magma path

In this appendix, we show the combined effect of local topography
and tectonic extension on the stress field along the magma path. In
particular, as the dyke reorients in the direction of the rift, the normal
stress acting on its wall decreases due to the greater influence of
tectonic extension.

Appendix C. Magma pressure gradient and direction of propaga-
tion inside the vertical propagation plane without depth-
dependent extension

In this appendix, we show the importance of the depth dependence
of rift-induced extension. Fig. C.13 shows the magma path with a
density similar to the model of Fig. 7 but without depth-dependent
extension. Comparison of these two Figs. 7 and C.13 demonstrates that
depth dependence is a key ingredient for extensive lateral propagation.
Without it, lateral magma propagation is significantly reduced to just
over 5 km versus over 20 km propagation when taking into account the
increase in extension with depth, regardless of the loading considered
(conical edifice or topography).

Data availability

Data will be made available on request.
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